This paper proposes a probability measure for the evaluation of relay performance from two aspects, namely, correct trip and no-unwanted trip. They are developed based on the relationship between relay settings and relay measurements, which follow a Gaussian probability model. The proposed method based on strict mathematical derivation is applied to protection capability evaluation of distance relays under various settings. Considering the specific attributes of each protection zone, the optimal settings are also determined accordingly. The protection capability could demonstrate clearly the relay performance under various settings and the optimal settings could provide good references for engineering applications.
Introduction
The process of determining the settings of protection relays is performed based on setting guidelines and/or engineers' empirical knowledge. Although this process has a heuristic nature, it works pretty well in most cases since it has been accumulated through experience in the field. Protection engineers hope to secure the best protection performance which, however, can hardly be justified.
There were some works on the performance evaluation of protection relaying. Three facets of protection, namely, security, dependability and availability, define performance indicators [1] , [2] . A reliability index, based on statistical data of relay operations, has been proposed in [3] and [4] , while the parameter sensitivity of the protective relaying algorithms has been studied, based on experimental data in [5] . Due to a lack of relay information, however, the proposed reliability index has been evaluated in a combined manner, which cannot be used to pinpoint the causes of malfunctions. Level ranking using fuzzy methods has been proposed in [6] and [7] , in which the authors also agreed on the arbitrary selection of parameters.
In [7] and [8] , "protectability" has been defined to indicate the performance level of a protection system. It evaluated a protection system, given a certain set of settings from many aspects, such as speed, sensitivity, and backup capability.
This study proposes a new analytical method to evaluate the performance of protection distance relays. Specifically, a probabilistic model of relay measurements is hereby proposed. The protection capability of distance, under a given setting, can be evaluated using this probabilistic method from two aspects, namely, correct trip probability and no-unwanted trip probability. In addition, the optimal settings of three-stepped-zone distance relay can be determined, considering their specific requirements on the correct trip probability and no-unwanted trip probability.
Compared with the indexes based on statistical data or fuzzy estimation, the protection capability index proposed in this paper is based on a strict mathematical and theoretical derivation. It shows clearly the relay performance changes, with respect to relay setting and helps to obtain the optimal settings that have never been achieved in previous studies.
Probabilistic Modeling
Errors involved in the impedance seen by a relay include CT and VT errors, inaccuracy of line impedances, A/D conversion error, calculation error of relays, etc. A uniform distribution probabilistic model for such relay errors is presented in [9] and [10] , both of which show that a combination of such errors also yields an approximate Gaussian function.
For a fault happening at l, the apparent distance l R seen by relay is represented by the following probabilistic model:
This distribution function has a mean of actual fault location l and a standard deviation σ that can be determined from MATLAB simulation of relay errors.
The following generic equation for impedance calculation, seen by a distance relay for a single line to ground fault given by (2) , is used to find the distribution of the apparent distance and its deviation:
Here, V m , I m and I 0m are measurements containing errors; Z 0m and Z 1m are the line impedances assumed; and ε is the calculation error. Each parameter in (2) is represented by its actual value plus a measurement error.
Considering 5% CT error, 5% VT error, 3% impedance error and 5% calculation error, we generated uniformly distributed random data for the parameters in (2) . Take the line impedance Z 1m with 3% error as an example. Assume that the actual line impedance is "1" and generate 10 5 random data, following a uniform distribution in [0.97, 1.03] by an equation in MATLAB, as follows:
Substituting all uniformly distributed parameters shown in (3) into (2), and calculating the probability density of random data, l R , would yield an approximate Gaussian distribution with 5% standard deviation, σ, which is used in this paper.
Probabilistic Evaluation of Protection Ability
In order to evaluate the protection capability of a relay, two aspects from the viewpoint of a relay operation are considered in this study, namely, a correct trip for a fault within its protection zone and a no-unwanted trip for a fault outside its protection zone. A probabilistic evaluation of the two factors, i.e., "correct trip" and "no-unwanted trip," are described below.
Evaluation of the Correct Trip Probability
Suppose that relay R 1 in Fig. 1 is responsible for the protection of line l 1 and does not need a trip for a fault outside l 1 , then the probability characteristic of its relay measured fault distance l R is represented by a Gaussian density function as:
Relay R 1 is assumed to have a setting of L S . Relay R 1 is expected to trip correctly for a fault if its setting L S is larger than the relay-measured fault location l R . The probability of its correct trip for a fault at l can be given as:
A fault location l on line l 1 itself has random characteristics that can be considered as having a uniform probability density and can be represented by a function of ( ) 1/ 1 P l L = .
The correct trip probability of relay R 1 can then be derived by multiplying it to the probability in (5) and integrating it over the whole line range as:
As the apparent setting L S increases, P ct also increases gradually to "1" under the setting 1.14 ( Fig. 2) , indicating that all the faults on l 1 can be correctly tripped. Here, L1 equals "1" and σ equals 5% of the line length. 
Evaluation of the No-Unwanted Trip Probability
Relay R 1 will not trip if its L S setting is smaller than the relay-measured fault location l R . The probability of nounwanted trip for a fault at l is given as:
Considering the uniform density function for a fault location that can be represented as ( ) 1/ 2 P l L = , the probability of no-unwanted trip for any fault in L2 is given as: Fig. 3 . No-unwanted trip probability (P nt ) for fault in l 2 .
As the apparent setting L S increases, P nt starts to gradually decrease to 0, as shown in Fig. 4 , which means that the probability of mis-tripping the fault in the next line gradually increases. 
Application to Distance Relay
A three-step distance protection is one of the most popular schemes in transmission line protection; in this scheme, each zone of distance relay has a protection reach set by a certain setting rule. The typical setting rules, which might vary from one utility to another, are described below.
Zone-1 was set at 80% to 90% of the line impedance, with no intentional time delay in order to provide a fast main protection. Zone-2 was set at 50% into its next adjacent line, with a time delay in order to complete the main protection of its protecting line and provide a partial backup protection for its adjacent lines. Zone-3 was set at 25 % into the adjacent line in order to provide a full backup protection for all the adjacent lines [11] .
As the setting of each zone becomes bigger, a faster protection is provided for a larger part of the line; at the same time, this increases the probability of tripping for the fault, which is not supposed to be covered.
Although the setting to secure the correct trip and correct no-unwanted trip is required, it is difficult to know whether or not the setting satisfies the conditions due to the heuristic nature of the setting rules currently being used. With two probability measures introduced in this study (P ct and P nt ), it is possible to analytically determine the optimal settings. These are explained in this section, using a system that has three lines of the same length ( Fig. 5 ). 
Protection Capability of Zone-1
Zone-1 of a distance relay has two objectives, namely, protect its own line and not overreach beyond the line. The first can be evaluated by the correct trip probability, while the second can be evaluated by the no-unwanted probability.
Correct Trip of Zone-1
According to (6) , the correct trip probability, P ct , is given as: 
No-Unwanted Trip of Zone-1
According to (8) , the no-unwanted trip probability, P nt , is given as:
A numerical evaluation of two indices is depicted in Fig.  7 , in which a solid line represents the correct trip probability, which keeps increasing and reaches "1" if the apparent setting goes beyond the value of 1.14. With a long enough setting, Zone-1 is expected to trip for all the faults in L1 with 100% probability. Meanwhile, with an increase in setting, Zone-1's no-unwanted trip probability would remain at "1" until it reaches a setting value of 0.86; this then decreases to 0, as shown by the dotted line in Fig. 7 . Zone-1 does not trip for the fault in its next line when the setting is small, but if it becomes bigger than a certain value, then an unwanted trip occurs with a high probability. 
Optimal Zone-1 Setting
Zone-1 does not need to trip for a fault outside of its protection zone. As such, the optimal setting is determined at the value which guarantees a P nt of 1 while maximizing P ct for a fault inside the protection zone. Finding an optimal setting becomes the problem to determine a value, which maximizes P ct subject to a P nt of 1. Fig. 7 shows that 86% of the line impedance is optimal for Zone-1, with P ct at 0.8600; this value is almost the same as the one previously applied in practice.
Protection Capability of Zone-2
The evaluation of the protection capability of Zone-2 can be performed in a similar way as that used for Zone-1. The difference is that Zone-2 has to trip correctly for the fault in the entire line. However, in order to secure selectivity, it should not trip for a fault supposedly protected by its forward Zone-2.
Correct Trip of Zone-2
Any fault in line l 1 should be detected by Zone-2, and as such, its correct trip probability (P ct ) is determined according to (5) ; this can be expressed as:
No-Unwanted Trip of Zone-2
Relay R 1 's Zone-2 setting is L1 2S , and relay R 2 's Zone-1 setting is L2 1S . The fault at l is supposed to be cleared by the Zone-1 of relay R 2 (Fig. 9 ). However, because of the measurement errors, the relay R 2 measured fault distance, l R2 , could be larger than its Zone-1 setting L2 1S . This leads to an under-reach for the fault; the fault would then be tripped by its Zone-2. Meanwhile, the relay R 1 measured fault distance, l R1 , could be smaller than its Zone-2 setting, L1 2S , which results in an overreach for the fault. This means that the under-reach of R 2 's Zone-1 and the overreach of R 1 's Zone-2 would lead to an overlap of two protection zones, and both Zone-2s would trip for a fault on this overlapped region, losing selectivity. Zone-2 should not trip for a fault in the next line, supposedly covered by its forward Zone-2.
The unwanted trip happens when Zone-2 of R 1 sees a fault in the next line (l 2 ), whereas Zone-1 of R 2 does not Fig. 8 . Correct trip probability for fault in l 1 . Fig. 9 . Mis-coordination between Zone-2 of R 1 and Zone-1 of R 2 .
see the same fault. Its probability can therefore be calculated as a multiplication of two probabilities, namely, for a fault in the next line l 2 , the probability of Zone-2 to trip, and the probability of its forward Zone-1 not to trip. The first one is given as:
The latter is given as:
Therefore, the unwanted trip probability is given as:
Then, focusing on the fault on L2, P nt can be obtained by subtracting it from 1, and then integrating it over the fault location region (L2) and multiplying it by the fault location probability (1/L2) as represented by:
This probability is dependent on the setting of Zone-1 of R 2 and, in this study, it is assumed to be 85% of its own line impedance. Fig. 10 shows the two probability curves for a system, with L1 and L2 having the same length. P ct increases as the setting increases, reaching 1 at the setting of 1.14, whereas P nt decreases from 1 at the setting of 1.6. There is a band of setting [1.14, 1.6] for two curves to have the same probability of 1. 
Optimal Setting of Zone-2
Zone-2 needs to satisfy two conditions, namely, 100% trip probability, P ct , for the fault in the line; and 100% nounwanted trip, P nt , for the fault in the forward line, supposedly protected by its forward Zone-2. The first condition aims to provide a fast protection for that part of the line left unprotected by Zone-1; the second aims to avoid the miscoordination problem or to secure the selectivity. As seen in Fig. 10 , it is the setting band of [1.14, 1.60], which satisfies these conditions. If the objective of Zone-2 is to complete the primary protection as in Zone-1, then any of the values can be used. If the backup capability is also expected, then the optimal setting would be the largest one in the band.
The lower limit of the setting band does not change as the variations in L2 length; however, the upper limit decreases with a decrease in L2 length because of the decreased P nt ; this is depicted in Fig. 11 and Table 1 .
If L2 is shorter than 28% of L1, then there is no feasible setting band. In this case, the optimal setting is determined by the one that maximizes the following protection capability function: where i ω is the weighting factor to be determined by an engineer's judgment or is a utility policy reflecting its priority on each factor. For the two cases, namely, ( 1 ω =0.5, 2 ω =0.5) and ( 1 ω =0.75, 2 ω =0.25), the resulting protection capability graph is shown in Fig. 12 , where the optimal setting is given as 1.06 and 1.08, respectively, for the case of L2 at 0.2. 
Protection Capability of Zone-3
Zone-3 needs to identify accurately a fault in the next forward line to provide a full backup protection. Its protection reach, however, should not overlap with its forward Zone-3; otherwise, selectivity will be lost. Evaluation of its protection capability is performed as in Zone-2.
Correct Trip of Zone-3
Any fault in its own line (l 1 ) and the next line (l 2 ) should be detected by Zone-3, so its correct trip probability (P ct ) is given according to (5) as:
No-Unwanted Trip of Zone-3
As seen from Fig.13 , a fault at l is supposed to be tripped by R 2 's Zone-2. However, the L2 2S setting could under-reach the fault because it is smaller than the relay R 2 measured fault distance, l R2 . The fault must therefore be tripped by R 2 's Zone-3. In addition, R 1 's Zone-3 L1 3S setting could over-reach the fault because it is larger than the relay R 1 measured fault distance, l R1 . As such, both Zone-3s would trip for the fault, thereby losing selectivity. Zone-3 should not see a fault in the next two lines, which is supposed to be covered by its forward Zone-3. Similarly, in Zone-2's case, the no-unwanted trip probability was calculated by first calculating the unwanted probability and subtracting it from 1. The unwanted trip occurred when Zone-3 of R 1 (Fig. 13 ) identified a fault in the next two lines (l 3 ), whereas Zone-2 of R 2 did not see the same fault. Thus, its probability can be calculated as a multiplication of two probabilities, i.e., for a fault in line L3, the probability of R 1 's Zone-3 to trip, and the probability of R 2 's Zone-2 not to trip. The first one is given as:
The second one is given as: The unwanted probability, therefore, becomes:
This probability is dependent on the settings of the Zone-2 of R 2 . In this study, it is assumed to be set as 115% of its next line (l 2 ). Then, focusing on the fault in l 3 , the probability of no-unwanted trip can be obtained as the two probability curves for a system, with L1, L2, and L3 having the same lengths. P ct increases as the setting increases and reaches "1" at a setting of 2.14, whereas P nt decreases from "1" at a setting of 2.0.
Optimal Zone-3 Setting
Unlike Zone-2, there is no setting to satisfy a 100 % probability for both P ct and P nt . Therefore, there is a need for a compromise in the optimal setting. If a 100% backup capability for a fault on L2 is pursued, then the optimal setting becomes 2.14, which minimally sacrifices the capability of a no-unwanted trip; and if a 100% secured nounwanted trip is pursued, then the optimal setting becomes 2.0, which minimally sacrifices the backup capability. More generally, the optimal setting is determined by finding the one, which maximizes the following objective function:
The weight factor, i ω , needs to be determined by an engineer's judgment or by a utility's policy. For the two cases, namely, ( 1 ω =0.5, 2 ω =0.5) and ( 1 ω =0.75, 2 ω =0.25), the resulting protection capability graph is shown in Fig.  15 , where the optimal settings are given as 2.02 and 2.04, respectively. The protection capability varies, depending on the lengths of L2 and L3.
As seen from Table 2 and Fig. 16 (a) , with a fixed L2 and a varied L3, the optimal setting does not change because it only relies on its protected line. However, when L3 decreases, there is a higher unwanted trip probability with an increase in setting; the optimal protection capability decreases accordingly. Fig. 16 (b) shows P ct and P nt curves under a varied L2 and a fixed L3. The optimal setting decreases if L2 decreases according to the above analysis. Although L3 is fixed, the optimal protection capability still decreases; this is because the decrease in L2 brings higher unwanted trip probability. 
Conclusion
In this paper, a probabilistic model for measurement errors was presented and the protection capability of a protective relay was proposed from the correct trip and nounwanted trip points of view. The application of the proposed concept to distance relays, to evaluate protection performance, and determine the optimal setting for each zone were described as well. The conventional setting rule of distance relays were found to be in accordance with the result of the theoretical analysis.
The study was performed for the single adjacent line to illustrate the basic idea and to show the effectiveness of the proposed algorithm. However, the practical power systems were far more complex than a single adjacent line system. Thus, the protection capability evaluation of complex systems, including infeed, outfeed and other effects, need to be studied further for engineering applications.
